Adaptiv e routing on the Recursiv e Diagonal T orus A. F unahashi 1 and T.Hana w a 1 and T.Kudoh 2 and H. A mano 1 1 Keio Universit y , 3-14-1 Hiyoshi, Kohoku-ku, Y ok ohama, 223 Japan 2 Real W orld Computing Partnership, 1-6-1 T ak ezono, Tsukuba, Ibaraki, 305 Japan Abstract. Recursiv e Diagonal T orus, or RDT consisting of recursively structured tori is an interconnection netw ork for massively parallel com- puters. By adding remote links to the diagonal directions of the torus netw ork recursiv ely , the diameter can b e reduced within l og 2 N with s- maller num b er of links than that of hypercub e. F or an interconnection net w ork for massively parallel computers, a rout- ing algorithm whic h can b ypass a faulty or congested no de are essen tial. Although the con v en tional vector routing is a simple and near-optimal metho d, it can only use a deterministic path. In this pap er, adaptive routing algorithms on RDT are prop osed and discussed. The �rst algo- rithm is based on Duato’s necessary and su�cien t condition. With this metho d virtual c hannels are e�ectively used while paths with redundan t routing steps are prohibited. Another algorithm based on the turn mo del is prop osed. By prohibiting certain turns on RDT, it p ermits paths with additional hops. Both algorithms are prov ed to b e deadlo c k free. 1 In tro duction Comm unication netw ork is one of the critical comp onents of a highly paral- lel multicomputer. Recently , m ulticomputers providing more than a thousand computation no des are commercially a v ailable, and e�orts hav e b een exerted to implemen t Massiv ely P arallel Computers (MPCs) with tens of thousands no des. In these systems, the connection top ology often dominates the system p erfor- mance. Instead of hypercub e used in �rst-generation multicomputers, most recent mac hines take the 2-D or 3-D mesh (torus) net w ork[1][2][3]. Although the di- ameter of a mesh netw ork is large ( O ( p M ) or O ( 3 p M ) for M no des), it only requires four or six links p er no de unlike the h yp ercub e whic h requires l og 2 M links p er no de. Ho w ev er, in an MPC with more than ten thousands no des, the large diameter of the mesh net w ork is in tolerable. T o address this problem, we prop osed a no v el extension of mesh netw ork called Recursiv e Diagonal T orus (RDT) [4], which consists of recursiv ely structured mesh (torus) connection. It supp orts a smaller diameter and degree than that of the h yp ercub e if the num b er of no des is 1000- 10000. Through the computer sim ulation, the bandwidth and latency are muc h impro v ed compared with 2-D/3-D tori [4]. The router chip pro viding the vector routing algorithm with multicasting w as implemented for a massively parallel mac hine JUMP-1[5]. In this pap er, deadlo ck-free adaptiv e routing algorithms on RDT are pro- p osed. In Section 2, the structure of RDT and the v ector routing algorithm are brie y introduced. An adaptive routing using minimal paths based on Duato’s metho d is prop osed in Section 3. More exible routing algorithm based on the turn mo del is also prop osed in Section 4. 2 In terconnection Net w ork: RDT Recursiv e Diagonal T orus (RDT) is a no v el class of netw orks which consists of recursiv ely structured mesh (torus) connections of meshes with di�eren t sizes in the diagonal directions[4][6]. When four links are added b etw een no de ( x; y ) and no des ( x � n; y � n ) ( n : c ar dinal numb er ) resp ectively , additional links result in a new torus-like netw ork. New torus-lik e netw ork is formed at an angle of 45 degrees to the original torus, and the grid size is p 2n times that of the original torus. W e call this new torus- lik e netw ork the rank-1 torus. On the rank-1 torus, w e can form another torus- lik e netw ork (rank-2 torus) by pro viding additional links in the same manner. Figure 1 sho ws rank-1 and rank-2 tori when n is 2. The RDT consists of such recursiv ely formed tori. Fig. 1. Upp er rank tori RDT(n,R,m) can b e de�ned as a class of net w orks in which eac h no de has links to form base (rank-0) torus and m upp er tori (the maxim um rank is R) with cardinal num b er n . Note that, eac h no de can select di�erent rank of upp er tori from others. The RDT in which ev ery no de has links to form all p ossible upp er tori is called the p erfect RDT (PRDT(n,R)) where n is the cardinal n um ber (usually , 2) and R is the maximum rank. Although PRDT is unrealistic due to its large degree (4(R+1)), it is imp ortan t as the basis for establishing routing algorithm, broadcasting/m ulticasting, and other message transfer algorithms. F or a system with thousand of no des, the RDT whose degree is 8 and the maxim um rank of upp er tori is 4, that is, RDT(2,4,1) is suitable. In the RDT, eac h no de can select di�erent rank tori from others. Th us, the structure of the RDT(2,4,1) also v aries with the rank of tori whic h are assigned to each no de. This assignmen t is called the torus assignment . V arious torus assignmen t strategies can b e selected considering the tra�c of the net w ork. 2.1 The vector routing The v ector routing is an assignmen t indep enden t of routing algorithm whic h represen ts the route of a message with a combination of unit vectors eac h of whic h corresp onds to eac h rank of tori. On the torus structure, a vector from a source no de to the destination no de is represen ted with a v ector A = a x 0 + b y 0 where x 0 and y 0 are unit v ectors of the base (rank-0) torus. The goal of the routing algorithm is to represen t the vector A with a com bination of v ectors each of whic h corresp onds to a unit v ector of eac h rank of torus. First, the direction of the unit vector corresp onding to eac h rank torus must b e de�ned. Here, the direction of the unit v ector for each rank torus is c hanged clo ckwise at an angle of 45 degrees. That is, the unit v ectors of rank-(i+1) torus x i +1 ; y i +1 can b e represen ted with the unit vectors of rank-i x i ; y i as follows: x i +1 = n x i + n y i (1) y i +1 = � n x i + n y i (2) First, the target v ector a x 0 + b y 0 is represen ted with a com bination of x 1 , y 1 , x 0 and y 0 as follo ws: a x 0 + b y 0 = g x 1 + f y 1 + j x 0 + k y 0 (3) Here, w e select maximum g and f in order to use the upp er torus as p ossible. F rom equations (1) and (2), maximum in tegers for g and f are represen ted as follo ws: g = a + b 2 n ; f = � a � b 2 n In order to minimize j and k corresp onding to the remaining unit vectors of the rank-0 torus (th us, the required message transfers using the rank-0 torus), the integer divisor used here is rounded to the nearest whole n um ber (If the remainder is greater than n, increment the divisor). Th us, j and k are represented with g and f : a x 0 + b y 0 = g ( n x 0 + n y 0 ) + f ( � n x 0 + n y 0 ) + j x 0 + k y 0 a = ng � nf + j; b = ng + nf + k j = a � ng + nf ; k = b � ng � nf . Then, g x 1 + f y 1 are represented with a combination of v ector x 2 , y 2 , x 1 , and y 1 in the same manner. By iterating this pro cess to the maxim um rank, v ectors for message routing are obtained. The routing v ectors for each rank are obtained in the array v ector [ r ank ]. Fig. 2. An example of the vector con v ersion Figure 2 sho ws an example of a v ector from (1,2) to (5,9) conv erted in to a com bination of unit v ectors of rank-0, rank-1, and rank-2. 3 Adaptiv e routing with minimal paths Adaptiv e routing is a tec hnique to select the route of pack et dynamically . When a pack et encounters a faulty or congested no de, the pac k et can select another b ypassing route. The v ector routing is useful for a basis of an adaptiv e rout- ing, since as alternativ e routes can b e easily obtained b y changing the order of v ectors.Ho w ev er, w e m ust not forget that an adaptive routing has a p ossibili- t y of deadlo ck. There are a lot of researc hes on deadlo c k free adaptiv e routing tec hniques[7]. These tec hniques are classi�ed in to tw o metho ds: using only mini- mal paths, and using alternative paths with additional routing steps. The former metho d do es not require extra routings while the latter can use alternative routes more exibly . First, deadlo ck free adaptive routings with minimal routes are pro- p osed for the RDT based on Duato’s proto col. Then, another algorithm whic h p ermits redundan t routing steps is prop osed based on the turn mo del. 3.1 Duato’s proto col in the k-ary n-cub e Duato states a general theorem de�ning a criterion for deadlo c k freedom and then uses the theorem to prop ose a fully adaptiv e, pro�table, progressiv e proto col[8], called Duato’s proto col (DP). The theorem states that by separating virtual c hannels on a link into restricted and unrestricted partitions, a fully adaptive routing can b e p erformed and yet b e deadlo c k-free. This is not restricted to a particular top ology or routing algorithm. Cyclic dep endencies b et w een channels are allo w ed, pro vided that there exists a connected c hannel subset free of cyclic dep endencies. Simple description of Duato’s proto col is as follows. a. Pro vide that every pack et can alwa ys �nd a path tow ard its destination whose channels are not in v olv ed in cyclic dep endencies(escap e path). b. Guarantee that every pac k et can send to an y destination no de using escap e path and the other path whic h cyclic dep endency is brok en b y escap e path. By selecting these t w o routes a. and b. adaptiv ely , deadlo c k can b e prev en ted. Duato applied this metho d to the k-ary n-cub e[9]. 3.2 Applying Duato’s proto col on PRDT Here, w e apply this routing algorithm for PRDT. De�nition 1. : Duato’s proto col on PRDT 1. Pro vide an escap e path C 1 on a torus of PRDT as well as the case for the k-ary n-cub e. 2. Next, the order of rank usage is restricted. Let X i and Y i b e c hannel of each dimension in the rank i torus. Use the c hannel in the X �rst and descending order of the rank. That is, for PRDT(2,4), the channel is used in the follo wing order X 3 ! Y 3 ! X 2 ! Y 2 ! X 1 ! Y 1 W e refer this escap e path C 0 1 . 3. Add a new virtual c hannel C F ( F ul l y adaptiv e ) which is used for the fully adaptiv e routing. There are t w o algorithms: D-A and D-B. Algorithm: D-A Pro vide the virtual channel C F directly for the escap e channel C 0 1 . In C F , eac h direction of + X and + Y in o dd rank and ev en rank m ust b e the same direction. In the v ector routing, the unit vector for eac h rank torus is changed clo c kwise at an angle of 45 degree as represented in function(1) and function(2), the unit vector for o dd rank torus must b e same direction with the unit v ector for rank 0 torus ( x 0 ; y 0 ) and the unit v ector for ev en rank torus m ust b e the same with the one for rank 1 torus( x 1 ; y 1 ). Algorithm: D-B Pro vide the virtual channel C F n not for C 0 1 but for C 1 in eac h rank. C F n c hannels can cross dimensions in an y order following a minimal path, but m ust cross ranks in descending order. 2 Figure 3 illustrates the fully adaptive virtual channel C F in Algorithm D-A. Since C F is directly assigned to the escap e path C 0 1 , the C F itself m ust b e a minimal routing. This means that a pac k et must not use the opp osite direction whic h used in the past. Fig. 3. Channels using Algorithm D-A On the other hand, the fully adaptiv e path is assigned to the escap e path C 1 of eac h rank in Algorithm D-B(Figure4). Therefore, there is no restriction for using unit v ector, while the order of ranks is restricted. Fig. 4. Channels using algorithm D-B Figure5 illustrates the p ossible path and imp ossible path for algorithm D- A and D-B. The path (b) which uses rank 2 b efore rank 3 is allo w ed in the algorithm D-A while it is prohibited in the algorithm D-B, since the rank is not b e used in the descending order. On the contrary , path (c) in which the unit v ectors of rank 1 and rank 3 are directed opp osite to each other is prohibited in the algorithm D-A but allo w ed in the algorithm D-B. Fig. 5. Examples of vectors in algorithm D-A and D-B Theorem 2. A lgorithm D-A is de ad lo ck-fr e e. 2 Pro of Since the order of the rank is the same as that of the e-cub e routing[10], the escap e path C 0 1 is deadlo ck free. In C F , the opp osite direction whic h used in the past is prohibited, and so C F is a minimal path. F rom Duato’s theorem[9], Algorithm D-A is deadlo ck-free. 2 Theorem 3. A lgorithm D-B is de ad lo ck-fr e e. 2 Pro of C 1 is the same escap e path used in Duato’s proto col, and is deadlo c k free. C F n is a minimal path in eac h torus. F rom Duato’s theorem[9], Algorithm D-B is deadlo ck-free in each rank of torus. Since the order of used rank is the same as the e-cub e routing, C 1 nor C F n in an y rank do es not cause a cycle each other. Therefore, Algorithm D-B is deadlo ck-free. 2 4 Adaptiv e routing based on the turn mo del Although Duato’s proto col is p o w erful approach for bypassing the congestion, only minimal paths can b e used. F or selecting paths with additional steps, an- other adaptiv e routing based on the turn mo del[11] is prop osed here. 4.1 T urn mo del for Two-Dimensional Meshes Deadlo ck in the w ormhole routing is caused b y message pack ets waiting for eac h other in a cycle. The turn mo del prop osed by Glass is a metho d whic h prev en ts deadlo ck b y prohibiting certain turns. F or t w o-dimensional meshes, Figure6(a) sho ws the p ossible turns and simple cycles. Deadlo c k can b e preven ted b y prohibiting only one turn from eac h cycle,

Fig. 6. The turn mo del for tw o-dimensional meshes. as sho wn in Figure6(b),(c). These routing algorithms are called the w est-�rst routing algorithm and north-last routing algorithm, resp ectiv ely . Although this mo del is for a simple mesh net w ork without cyclic links, it is easily used in the torus by introducing extra channels lik e the e-cub e routing. 4.2 The turn mo del for RDT Fig. 7. The p ossible turns and simple cycles in RDT. Here, w e extend the turn mo del for t w o-dimensional meshes of the RDT. The p ossible turns in RDT are expressed in Figure7. As sho wn in Figure7, there are eigh t di�erent directions in the RDT, so there exists sixteen 45-degree turns, sixteen 90-degree turns and sixteen 135-degree turns. Here, lik e the north-last routing algorithm for tw o dimensional mesh, the righ t top turns and left top turns of cycles are prohibited as sho wn in Figure8(a). Ho w ev er, these restrictions are not su�cient for RDT. Cycles without left top turns or right top turns are still p ossible as shown Figure8(b). In order to break such triangle cycles, dotted turns shown in Figure8(c) m ust b e prohibited. As a result, the follo wing turns are prohibited in RDT. De�nition 4. : North-last routing for PRDT

(a) The �rst step to the north-last routing on RDT. (b) P articular types of cycles. (c) Completed form of the north-last routing on RDT. Fig. 8. The north-last routing on RDT. North-last routing for PRDT is a routing in which fourteen turns sho wn in Figure4.2 are prohibited. A pac k et transfer through cyclic links is also prohibited. 2 As w ell as the turn mo del for tw o dimensional torus, cyclic links can b e used b y in tro ducing an extra channel for the e-cub e routing. Also, this routing can b e directly applied for an y t yp e of RDT including RDT(2,4,1)/ � . F or sho wing that the prop osed north-last routing algorithm for RDT is dead- lo ck free, the channel num b ering metho d by Dally and Seitz[10] is applied. In this metho d, channels in the direct netw ork is num b ered so that ev ery pack et is transferred along c hannels with strictly increasing (or decreasing) num b ers. If suc h a num b ering is p ossible, it sho ws that there is no cyclic path b et w een bu�ers in channels. Theorem 5. The north-last r outing for RDT is de ad lo ck-fr e e. 2 Pro of Assuming that the size of the base torus of RDT is m � n . Assign tw o dimensional n um b er of c hannel from a no de ( x; y ) according to its direction as sho wn in Figure9, and let the unique num b er of the c hannel b e c x � m + c y . Since the size of the base torus of RDT is m � n , the range of the p ossible c hannel num b er ( c x ; c y ) is represen ted b y the following equations.

Fig. 9. Numbering of the c hannels lea ving eac h no de ( x; y ) for the north-last routing algorithm for RDT. 0 � c x � 5( n � 1) 0 � c y � m � 2 In RDT, there are eigh t p ossible input directions. As shown in Figure 10, all p ossible output channel num b ers are larger than the num b er of input channel. In other w ords, the pac k et transfer to an output channel whose n um ber is less than input c hannel is prohibited by the De�nition 2 within the range sho wn in the ab o v e equations. Therefore, channels are used in the increasing order on RDT. 2 Figure11 sho ws an example of routing on the 4 � 4 RDT. The blo c k ed c hannels are b ypassed with a path consisting of c hannels in increasing order. This �gure also sho ws that the n um b er of p ermitted output c hannel is lager than that of input channel. 5 Conclusion Tw o adaptiv e routing algorithms on RDT are prop osed and pro v ed to b e deadlo c k- free. A simulation study whic h demonstrates the e�ect of the prop osed routing algorithm is required. References 1. Par agon XP/S Pr o duct Overview . In tel Corp., 1991. 2. W. J. Dally A. Chien S. Fisk e W. Horwat J. Kenn M. Larivee R. Lethin P . Nuth and S. Wills. The J-mac hine: A Fine-Grain Concurrent Computer. In IFIP 11th Computer Congr ess , pages 1147{1153, August 1989.

Fig. 10. The p ossible output channels for eac h input channel. 3. H. Ishihata T. Horie S. Inano T. Shimizu S. Kato and M. Ik esak a. Third Genera- tion Message Passing Computer AP1000. In International Symp osium on Sup er- c omputing , pages 46{55, Nov em ber 1991. 4. Y. Y ang, H. Amano, H. Shibamura, and T. Suey oshi. Recursive diagonal torus: An in terconnection netw ork for massively parallel computers. Pr o c e e dings of IEEE SPDP , 1993. 5. H. Nishi, K. Nishim ura, K. Anjo, H. Amano, and T. Kudoh. The JUMP-1 router c hip: The versatile router for supp orting distributed shared memory. Pr o c e e dings of International Pho enix c onfer enc e on c omputers and c ommunic ations , 1996. 6. Y. Y ang and H. Amano. Message T ransfer Algorithms on the RDT. IEICE T r ans- action on Information and Systems , 79(2), 1996. 7. L. M. Ni and P . K. McKinley . A Surv ey of W ormhole Routing T ec hniques in Direct Net w orks. IEEE T r ansactions on Computers , F ebruary 1993.

Fig. 11. Example of north-last routing for RDT( m = 4 ; n = 4). 8. J. Duato. A Necessary And Su�cien t Condition F or Deadlo ck-F ree Adaptiv e Rout- ing In W ormhole Netw orks. Pr o c e e dings of the International Confer enc e on Par al lel Pr o c essing , 1:142{149, 1994. 9. J. Duato. A Necessary And Su�cien t Condition F or Deadlo ck-F ree Adaptiv e Rout- ing In W ormhole Netw orks. IEEE T r ansaction on Par al lel and Distribute d Sys- tems , 6(10), 1995. 10. W. J. Dally and C. L. Seitz. Deadlo c k-F ree Message Routing in Multipro cessor Interconnection Net w orks. IEEE T r ansactions on Computers , 36(5):547{553, May 1987. 11. C. J. Glass and L. M. Ni. Maximally F ully Adaptiv e Routing in 2D Meshes. Pr o- c e e dings of ISCA92 , pages 278{287, 1992. This article was pro cessed using the L a T E X macro pack age with LLNCS st yle